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Abstract. In this note we study the property of unique continuation for solu- 
tions of \{~A) a / 2 u\ < \Vu\, where V is in a function class of potentials including 
U p >n/a L p (R n ) for n — 1 < a < n. In particular, when n = 2, our result gives a 
unique continuation theorem for the fractional (1 < a < 2) Schrodinger operator 
(-A) Q / 2 + V(x) in the full range of a values. 



1. Introduction 

As it is well-known, analytic functions that are representable by power series have 
the property of unique continuation. This means that they cannot vanish in any 
non-empty open set without being identically zero. Note that a solution u of the 
Cauchy-Riemann operator d in K 2 (i.e., du = 0) has the property since it is complex 
analytic. The same result holds for the Laplace operator A in W 1 since its solutions 
are harmonic functions that are still real analytic. So it would be desirable to obtain 
such property for partial differential operators whose solutions are not necessarily 
analytic, or even smooth. 

Historically, the first such result is due to Carleman Q] , who showed the property 
for the Schrodinger operator -A + V(x) in R 2 if V G L^ C (R 2 ). This was extended 
to higher dimensions n > 3 by Miiller Since then, a great deal of work was 

devoted to the case V G Lf oc (R"), p < oo. This is because the potentials V that 
arise in quantum physics need not be locally bounded and more importantly it can be 
applied to the problem of absence of positive eigenvalues of the Schrodinger operator. 
Among others, Jerison and Kenig [3] proved the unique continuation for more general 
differential inequalities of the form |Au | < \Vu\ when V € L^(R n ) if n > 2, and 
V £ Up>i -kfoc(-^ 2 ) if n = 2. This result later turns out to be optimal in the context of 
L p potentials V ([HE]), and was extended to the higher orders |A m u| < \Vu\ (m G N) 
when V G L^ c 2m (R n ) if n > 2m (0), and V G U P >i L L( R ") if n = 2m (Q3D- 

In this note we are concerned with more general cases of fractional (0 < a < 2) 
and higher (a > 2) orders: 

\(-A)^u\ < \Vu\, (1.1) 
where (— A) Q / 2 is defined by means of the Fourier transform Tf (=/): 

^[(-a)«/ 2 /](o - icr/(o. 
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To the best of our knowledge, all the known results on unique continuation for (jUTj) 
deal only with the case of even integers a = 2m, m G N. When it comes to the other 
cases of a, the difficulty comes from the fact that (— A) Q / 2 is a nonlocal operator 
which means that (— A) Q//2 /(a;) depends not just on f(y) for y near x but on f(y) 
for all y. Moreover, it docs not satisfy Leibnitz's rule of differentiation, in general. In 
order to get around these difficulties, we consider a function class /C a , < a < n, of 
potentials V defined by 

V € K a & lim sup / T-^§—dy = 0. (1.2) 



' I6K" J \ x -y\<r l~ y I 

The case a — 2 is just the usual Kato class introduced by Kato 4 to study the self- 
adjointness of the Schrodinger operator. Since then, it has played an important role 
in the study of many other properties of the operator (cf. |14j). In order to extend 
these studies to (-A) Q / 2 + V{x), the class (O was introduced and used by several 
authors. (See [T6j and the references therein.) By making use of (11.2[) . we obtain here 
unique continuation results for (II. ip with n — 1 < a < n. 

Before stating our result precisely, it should be emphasized that there are phys- 
ical interests in the case 1 < a < 2 as well as the case a — 2. Recently, fol- 
lowing the path integral approach (!2j) to quantum mechanics, Laskin [5J [SJ [TU] 
generalized the Feynman path integral to the Levy one. This generalization leads 
to fractional quantum mechanics governed by the fractional Schrodinger equation 
idtip = ((— A) Q / 2 + V(x))ip, where 1 < a < 2. The usual quantum mechanics cor- 
responds to the case a = 2. In particular, when n — 2, Theorem 11.11 below gives a 
unique continuation result for the fractional Schrodinger operator (— A) Q / 2 + V(x) in 
the full range of a values. 

Theorem 1.1. Let n > 2 and n — 1 < a < n. Assume that u is a nonzero solution 
of (jl.ljl such that 

u G L 1 (M n ) and (—A) a ^ 2 u G L 1 (M Tl ). (1.3) 
Then it cannot vanish in any non-empty open set o/K" ifV is in the class K, a . 

Remark 1.2. From the proof of the theorem, it is not difficult to see that the whole 
space W 1 can be replaced with an open connected subset. 

Note that the class K a has the property that \] v>nja LP(W l ) c IC a C Lj^flR"). 
In fact, if V G L P (R"), we see that 

sup/ \x-y\-^\V(y)\dy<c( f \y\~^~^ ' dy) '* (1.4) 

l£l" J\x — y\ <r \J\y\<r / 

by Holder's inequality. Using polar coordinates, if p > n/a, one can see that the 
right-hand side of (jl.4j) tends to as r — > 0. So it follows that V G K, a . On the other 
hand, if V G K a , there is < r < 1 so that the left-hand side of (|1.4p is less than 1. 
Hence we get 

\V(y)\dy<l 



sup / 

iei" J\x 



\n>— y\<r 
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since \x\- (n ~ a) > 1 for |x| < r . This implies that V G Ll oc (R n ). 

Throughout this paper, the letter C stands for positive constants possibly different 
at each occurrence. 

2. Preliminary lemmas 

In this section we present some preliminary lemmas which will be used for the 
proof of Theorem 11.11 

Lemma 2.1. Let cj) a (y) = |t/|~ <n ~ a ' for < a < n. Then we have for x S W 1 and 
N > 1, 



u{x) =c f [<j> a {x - y) - J2 ij ^p-M-y)] (-&) a/2 u{y)dy (2.1) 

fc=0 

if u satisfies (| 1 . 3j) and has a compact support in M. n \ {0}. 



Proof. It is enough to show that (|2.1[) holds for u £ C^°(M ra \ {0}). The remaining 

follows from this and a standard limiting argument involving a approximate 
identity. 

First we claim that 

u(x) = C [ <f> a (x- y){-^r' 2 u(y)dy. (2.2) 

JR™ 

Indeed, using the well-known fact (cf. [15], p.23) that |zp"(£) = C|Cr ( "" a) in the 
sense of distributional Fourier transforms, we see that 

u(x)= [ e 2 ™<u(0dt = I \t\- a r[(-£) a ' 2 u(- + 

JR™ Jl» 

= C ( \y\-^- a \-A) a / 2 u(y + x)dy, 



which gives ()2.2|) . 

Now, we note that the (N — l) t/l degree Taylor polynomial of u at must be zero, 
since u vanishes near x = 0. That is to say, 

\/3\<N-l 



where ft is the usual multiindex notation. By (|2.2[) . this can be rewritten as 

cf E D0 ^~ v) X (-^) a/ My)dy^o. (2.3) 

|0|<iV-l p ' 

Then, we subtract (12.31) from both sides of (12.21) to conclude 



u(x)=cf [Mx-y)- E v) Ai-^) a/ My)dy 

which is same as (12.11). □ 
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Nextly, we recall from [12) the following estimate on Taylor polynomial approxi- 
mations to |a;| - ^, (3 > 0. 

Lemma 2.2. Let ip (x) = \x\- p for < /3 < 1. ITien one /ias 

^(z-yJ-^L-LL^-j,) <C(U) ^(x-y) (2.4) 

k=0 ' 

/or x,y £ M n and iV > 1. Moreover, this estimate is not valid if j3 > 1. 

3. Proof of Theorem 11.11 



Without loss of generality, we need to show that u must be identically zero if u 
vanishes in a sufficiently small neighborhood of £ R™. 

By using (|l.ll) . (12. ip and (|2.4[) with /3 = n — a, if n — 1 < a < n, we see that 

\u(x)\ <C J (H)^* - l/)in»Ml/)|dl/. (3-1) 

Let /(y) = |t/| _JV |F(y)u(y)|. Since u vanishes near the origin, it follows that 

\y\- N \V(y)u(y)\dy<cx>. (3.2) 



Here, we also used the fact (see Theorem 2.2 in [16]) that the condition (|1.3|) implies 
Vu £ L 1 if V £ K a . Hence, from (pTTj) we get 

\V{x)\\x\- N \u{x)\dx<C [ ([ 4> a {x-y)\V(x)\dx\f{y)dy 

x\<r JR n \J\x\<r / 



Now, we set 



<C[ sup / cf> a (x-y)\V(x)\dx)\\f\\ L i. (3.3) 

'|a:|<r 



<q(r) = sup / <p a (x - y)\V(x)\ 

uGK" J\x\<r 



,\dx. 

ySK™ J\x\<r ' 

Then the condition (|1.2[) implies lim r ^o ? 7( r ) = 0. In fact, we note that 



and 



sup / 4> a {x — y)\V(x)\dx < sup / <fi a (x — y)\V (x)\dx 

\y\<2rJ\x\<r i/GK" J \ x - y\ <4r 



sup / <j) a (x -y)\V(x)\dx <Cr a ~ n \V(x)\dx 

\y \>2r J \x\<r J \x\<r 



• Cr" "/■"-' / J^J^-da;. 



n— a 
scl <r l 1 ^ I 



Then it follows from (TT21) that 



lim 77(7") < C lim sup / 



^ -dx = 0. 



\x~y\<ir \ x V\ 
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Hence, if we choose tq > small enough, we see from (|3.3|) that 

\V(x)\\x\- N \u(x)\dx<hf\\ Ll . 

\x\<r L 

Combining this with (|3.2[) . we get 



\V{x)\\x\- N \u{x)\dx< \ \y\- N \V(y)u(y)\dy, 

\x\<r J\v\>ra 

so that 

/ \V(x)\(£) N \u(x)\dx<\\Vu\\ L i<oc. (3.4) 

Here we may assume that | | > 1, since | + 1 also satisfies (jl.ll) and lim,.^o v( r ) = 0- 
Indeed, to show the second one for \V\ + 1, we only need to show 



lim sup / 4>a(% — y)dx = 0. (3-5) 

r^O yeR n J\ x \ <r 

Since <j> a {x) — \x\~^ n ~ a \ it follows that 



sup / (j>a(x — y)dx < sup / — 2/| ^" a ^dx + sup / 

ySM"J\x\<r \y\<2r J \x\<r \y\>2r J \x 

< sup f \x-y\-^ n - a ^dx + Cr a 

«£R" J\x-y\<Ar 



yGR" J \x-y\<Ar 

< Cr° 



This gives 

Therefore, from (|3.4[) we see that 



2 N \u{x)\dx < / \V(x)\(p\) N \u{x)\dx < oo. 

C^tt ^|a|<r \ x \ 

By letting N — > oo, we get that u vanishes in {|x| < Then, using a standard 

connectedness argument, we can conclude that u must be identically zero in R™. This 
completes the proof. 
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